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Lp-BOUNDS FOR FOURIER INTEGRAL OPERATORS ON THE
TORUS
DUVA´N CARDONA, REKIA MESSIOUENE, AND ABDERRAHMANE SENOUSSAOUI
Dedicated to the 47th birthday of Michael Ruzhansky
Abstract. In this paper we investigate the mapping properties of periodic
Fourier integral operators in Lp(Tn)-spaces. The operators considered are as-
sociated to periodic symbols (with limited regularity) in the sense of Ruzhansky
and Turunen.
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1. Introduction
In this paper we investigate the Lp-boundedeness of periodic Fourier integral
operators (also called Fourier series operators). Let us consider the n-dimensional
torus, Tn := Rn/Zn, and let us choose a suitable function a : Tn×Zn → C. Then,
the periodic Fourier integral operator associated to the so-called symbol a is
formally defined by the series
Af(x) :=
∑
ξ∈Zn
e2πiφ(x,ξ)a(x, ξ)(FTnf)(ξ), f ∈ C
∞(Tn).1 (1.1)
These operators where introduced by M. Ruzhansky and V. Turunen in [41,
Chapter 4] and they appear in solutions of hyperbolic differential equations with
periodic conditions (see [41, Pag. 410]). In this paper we give conditions on the
symbol a and on the phase function φ are so that the operator A extends to a
bounded operator on Lp(Tn).
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1 For G = Tn or G = Rn, we denote by FGf the Fourier transform of f ∈ L
1(G), defined
by FGf(ξ) =
∫
G
e−i2pix·ξf(x)dx, ξ ∈ Ĝ, where T̂n = Zn and R̂n = Rn.
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Periodic Fourier integral operators are analogues on the torus of Fourier integral
operators (FIOs) on Rn, which have the form
Ta,φf(x) :=
∫
Rn
e2πiφ(x,ξ)a(x, ξ)(FRnf)(ξ)dξ, (1.2)
where FRnf is the Fourier transform of f, or more generally of FIO formally
defined by
Ta,φf(x) =
∫
R2n
e2πiφ(x,ξ)−2πiy·ξa(x, y, ξ)f(y)dydξ. (1.3)
FIOs are used to express solutions to Cauchy problems of hyperbolic equations
and transform operators or equations to other simpler ones according to Egorov’s
theorem (see Ho¨rmander [27]). The problem of finding mapping properties of
FIOs on Lp-spaces have been extensively investigated. The case where the phase
function is given by φ(x, ξ) = x·ξ and the symbol a(x, y, ξ) = a(x, ξ) is considered
in the variables (x, ξ) reduces the problem to pseudo-differential operators and
Fourier multipliers [26, 27, 29]. In this case symbol inequalities of the type
|∂βx∂
α
ξ a(x, ξ)| ≤ Cα,β(1 + |ξ|)
−mp−ρ|α|+δ|β|, mp = n(1− ρ)
∣∣∣∣1p − 12
∣∣∣∣ , 0 ≤ δ < ρ ≤ 1,
(1.4)
are sufficient conditions for the Lp-boundedness. The historical development of
the boundedness properties for pseudo-differential operators on Lp-spaces can be
found in Wang [50].
In the case of general phases, according to the theory of FIOs developed by
Ho¨rmander [25], the phase functions φ are positively homogeneous of order 1 and
smooth at ξ 6= 0, and the symbols satisfy estimates of the form
sup
(x,y)∈K
|∂βx∂
α
ξ a(x, y, ξ)| ≤ Cα,β,K(1 + |ξ|)
κ−|α| (1.5)
for every compact subset K of R2n. So, as it was pointed out in Ruzhansky and
Wirth [40], Lp-properties of FIO can be summarized as follows.
• If κ ≤ 0, then T is (L2comp, L
2
loc)-bounded (Ho¨rmander[25] and Eskin[22]).
• If κ ≤ κp := −(n − 1)
∣∣∣1p − 12∣∣∣ , then T is (Lpcomp, Lploc)-bounded (Seeger,
Sogge and Stein[45]).
• If κ ≤ −1
2
(n − 1), then T is (H1comp, L
1
loc)-bounded (Seeger, Sogge and
Stein[45]).
• If κ ≤ −1
2
(n− 1), then T is locally weak (1, 1) type (Terence Tao[48]).
• Other conditions can be found in Miyachi [32], Peral[36], Asada and
Fujiwara[2], Fujiwara[23], Kumano-go[28], Coriasco and Ruzhansky [14,
15], Ruzhansky and Sugimoto[37, 38, 39, 40], Beltran, Hickman and Sogge
[6] and Ruzhansky [44]. The boundedness and the compactness on L2 for
a class of these operators but with a general class of symbols can be found
in [31] and [7]. However the boundedness on L2 and Lp of these classes
of operators but with semi classical parameter can be found on [21] and
[24].
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• A periodic version for the L2-result by Ho¨rmander and Eskin mentioned
above, was proved by Ruzhansky and Turunen (see Theorem 1.3). See
also dispersive estimates for FIOs in Ruzhansky and Wirth [43].
Our results are proved in the framework of periodic operators on the torus Tn.
The subject was developed by several authors over decades (see Agranovich[1],
McLean[30], Turunen and Vainikko[49], Ruzhansky and Turunen[42]) and gener-
alized to arbitrary compact Lie groups in the fundamental book [41] by Ruzhan-
sky and Turunen. The first step in the analysis on the torus is the definition of
periodic pseudo-differential operators, which are linear operators of the form
a(x,D)f(x) :=
∑
ξ∈Zn
ei2πx·ξa(x, ξ)(FTnf)(ξ). (1.6)
The calculus of pseudo-differential operators has been treated, e.g., in [42, 41]
and its mapping properties on Lp(Tn)-spaces can be found in the works of the
first author [8, 9, 10, 11], in Delgado[16], Molahajloo and Wong[33, 34, 35] and
Cardona and Kumar [12, 13]. It is important to mention that Lp-estimates for
pseudo-differential operators on compact Lie groups (e.g., the n-dimensional torus
Tn or the compact Lie groups SU(2), SO(3), etc.) can be found in Delgado and
Ruzhansky [17]. The main results in this paper are Theorems 1.1 and 1.2 below.
In Theorem 1.1 we investigate how the Lp-boundedness of FIOs implies the Lp-
boundedness of FSOs.
Theorem 1.1. Let 1 < p <∞. Let us assume that φ is a real valued continuous
function defined on Tn×Rn. If a : Tn×Rn → C is a continuous bounded function
and the Fourier integral operator
Tφ,af(x) :=
∫
Rn
e2πiφ(x,ξ)a(x, ξ)(FRnf)(ξ)dξ (1.7)
extends to a bounded operator Tφ,a : L
p(Rn)→ Lp(Rn), then the periodic Fourier
integral operator
Aφ,af(x) :=
∑
ξ∈Zn
e2πiφ(x,ξ)a(x, ξ)(FTnf)(ξ) (1.8)
also extends to a bounded operator Aφ,a : L
p(Tn) → Lp(Tn). Moreover, for some
Cp > 0, the estimate ‖Aφ,a‖B(Lp(Tn)) ≤ Cp‖Tφ,a‖B(Lp(Rn)) holds true.
In the next result we establish the boundedness of FSOs. Recall that the
operator ∆ξ is the usual difference operator acting on sequences, see Definition
2.9.
Theorem 1.2. Let us assume that φ : Tn × Rn → R is a real-valued phase
function positively homogeneous of order 1 in ξ 6= 0. Let us assume that ∂γ
′
x ∂
γ
ξ φ ∈
S00,0(T
n × (Rn \ {0})) when |γ| = |γ′| = 1, that
|det(∂y∂ξφ(y, ξ))| ≥ C > 0, |∂
α
y φ(y, ξ)| ≤ Cα|ξ|, ξ 6= 0, (1.9)
〈∇ξφ(y, ξ)〉 ≍ 1, 〈∇yφ(y, ξ)〉 ≍ 〈ξ〉, (1.10)
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and the symbol inequalities
|∂βx∆
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
κ−|α|, κ ≤ κp := −(n−1)
∣∣∣∣1p − 12
∣∣∣∣ , |β| ≤ [np
]
+1, (1.11)
hold true for every (x, ξ) ∈ Tn×Zn. Then, the periodic Fourier integral operator
in (1.8) extends to a bounded operator Aφ,a : L
p(Tn)→ Lp(Tn) for all 1 < p <∞.
Theorem 1.2 gives the L2-boundedness of FSOs provided that κ ≤ 0. Our con-
ditions however are different from the following sharp L2-result due to Ruzhansky
and Turunen.
Theorem 1.3 (Ruzhansky-Turunen). Let us assume that φ : Tn × Zn → R is a
real-valued phase function, homogeneous of order 1 in ξ 6= 0. Let us assume that
∆γξφ ∈ S
0
0,0,2n+1,0(T
n × Rn) when |γ| = 1 and the symbol inequalities
|∂βxa(x, ξ)| ≤ C, |β| ≤ 2n+ 1, (1.12)
hold true. Assume also that
|∇xφ(x, ξ)−∇xφ(x, ξ
′)| ≥ C|ξ − ξ′|, ξ, ξ′ ∈ Zn. (1.13)
Then, the periodic Fourier integral operator in (1.8) extends to a bounded operator
Aφ,a : L
2(Tn)→ L2(Tn).
In relation with the L2-results mentioned above, we present the following dis-
persive estimate for a family of periodic Fourier integral operators of the form
Atf(x) :=
∑
ξ∈Zn
ei2πxξ+2πitφ(t,x,ξ)a(t, x, ξ)(FTnf)(ξ), 0 < t0 ≤ t <∞. (1.14)
The corresponding assertion is the following.
Theorem 1.4. Let us consider the parametrized family of periodic Fourier inte-
gral operators
Atf(x) :=
∑
ξ∈Zn
ei2πxξ+2πitφ(t,x,ξ)a(t, x, ξ)(FTnf)(ξ), 0 < t0 ≤ t <∞. (1.15)
Let us assume that φ : [t0,∞) × T
n × Rn → R is a real-valued phase function,
homogeneous of order 1 in ξ 6= 0, and satisfies
| det(I + t∂x∂ξφ(t, x, ξ))| ≥ C0 > 0, |∂
β
x∂
α
ξ φ(t, x, ξ)| ≤ Cα,βt
−|β|, t ≥ t0 > 0,
(1.16)
for all x ∈ Tn, ξ 6= 0, and for 1 ≤ |β|, |α| ≤ 2n + 2. Let us assume that a :
[t0,∞)×T
n×Zn → C is supported in t|ξ| ≥ C for some constant C > 0 and that
|∂βx∆
α
ξ a(t, x, ξ)| ≤ Cα,βt
−|β|, t ≥ t0 > 0, |α|, |β| ≤ 2n+ 2. (1.17)
Then, the family At, 0 < t0 ≤ t <∞, is uniformly bounded on L
2(Tn). Moreover
‖Atf‖L2(Tn) ≤ C sup
|α|,|β|≤2n+2
Cα,β · ‖f‖L2(Tn). (1.18)
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Since the phase functions φ are usually considered homogeneous of order 1 in
ξ 6= 0, i.e., φ(x, λξ) = λφ(x, ξ) we will work with phase functions defined on
Tn × Rn instead of phase functions on Tn × Zn.
This paper is organized as follows. In Section 2 we present some topics about
the toroidal Fourier analysis and the periodic analysis of pseudo-differential op-
erators due to Ruzhansky and Turunen. In Sections 3 and 4 we prove our main
results. Finally, in Section 5 we prove dispersive estimates for FSOs.
2. Preliminaries
In this section we present some preliminaries on the analysis of periodic pseudo-
differential operators and FSOs. The main object in this periodic analysis is the
n-dimensional torus where the functions are defined.
Definition 2.1 (The torus). The torus is the quotient space defined as follows:
T
n = (R/Z)n = Rn/Zn,
where Zn denotes the additive group of integral coordinates (the addition being,
of course, the one derived from the vector structure of Rn).
Now, we recall the notion of functions on the torus, identified with 1-periodic
functions.
Definition 2.2 (The 1-periodic functions). A function f : Rn → C is 1-periodic
if
f(x+ k) = f(x) for every x ∈ Rn and k ∈ Zn.
There is a clear one-to-one correspondence between these functions on Rn and
the functions on Tn.
The space of 1-periodicm-times continuously differentiable functions is denoted
by Cm(Tn). We denote by C∞(Tn) =
⋂
m∈Zn
Cm(Tn) the space of the test functions.
Remark 2.3. The convergence on C∞(Tn) is defined by:
uj → u,
if and only if
∂αuj → ∂
αu uniformly for all α ∈ Nn0 .
Definition 2.4 (Schwartz space S(Zn)). A function q : Zn → C belongs to S(Zn)
if for any M > 0, there exists a constant Cq,M > 0 such that
|q(ξ)| ≤ Cq,M〈ξ〉
−M , 〈ξ〉 = (1 + |ξ|2)
1
2 ,
holds for all ξ ∈ Zn.
Remark 2.5. The topology on S(Zn) is given by the seminorms pk, where k ∈ N0
and
qk(φ) = sup
ξ∈Zn
〈ξ〉k|q(ξ)|.
The Fourier transform furnishes the spectrum of the derivative operator. So,
since FSOs are motivated by applications to PDEs we need the Fourier transform.
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Definition 2.6 (Toroidal Fourier transformation FTn). The toroidal Fourier
transformation is defined by:
FTn : C
∞(Tn)→ S(Zn), f 7→ fˆ ,
where
(FTnf)(ξ) := fˆ(ξ) =
∫
Tn
e−i2πxξf(x)dx.
Then, FTn is a bijection and its inverse is given by:
f(x) =
∑
ξ∈Zn
ei2πxξfˆ(ξ)
Now, we recall the definition of periodic Lebesgue spaces.
Definition 2.7 (Spaces Lp(Tn)). For 1 ≤ p < ∞, let Lp(Tn) be the space of all
u ∈ L1(Tn) such that
‖u‖Lp(Tn) =
(∫
Tn
|u(x)|pdx
) 1
p
<∞.
For p = ∞, let L∞(Tn) be the space of all complex functions u : Tn → C such
that
‖u‖L∞(Tn) = esssupx∈Tn |u(x)| <∞.
The instrumental tool in the theory of FSOs is the notion of periodic sym-
bol. Indeed, symbols allow us to classify operators by analytical and geometrical
properties. For this, we need the following definition.
Definition 2.8 (Space C∞(Zn×Tn)). We say that a function a ∈ C∞(Zn×Tn)
if a(., ξ) is smooth on Tn for all ξ ∈ Zn.
We denote by δj ∈ N
n
0 , j = 1, · · · , n, the canonical basis of R
n, namely,
(δj)i =
{
1, if i = j
0, if i 6= j.
Now, we recall the notion of discrete derivatives (difference operators).
Definition 2.9. Let σ : Zn → C and 1 ≤ i, j ≤ n. We define the forward
and backward partial difference operators ∆ξj , ξ ∈ Z
n, j = 1, · · · , n, and ∆ξj
respectively, by
∆ξjσ(ξ) = σ(ξ + δj)− σ(ξ),
∆ξjσ(ξ) = σ(ξ)− σ(ξ − δj).
Moreover, for α ∈ Nn0 , ξ ∈ N
n, define
∆αξ = ∆
α1
ξ1
. . .∆αnξn .
∆
α
ξ = ∆
α1
ξ1
. . .∆
αn
ξn .
Now, we consider symbols in C∞(Tn × Zn). These classes are motivated by the
treatment of (periodic) elliptic and hypoelliptic problems on Tn.
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Definition 2.10 (Toroidal symbol class Smρ,δ(T
n×Zn)). Let m ∈ R, 0 ≤ δ, ρ ≤ 1.
Then the toroidal symbol class Smρ,δ(Z
n×Tn) consists of those functions a(x, ξ) ∈
C∞(Zn×Tn) which satisfy the toroidal symbol inequalities, that is, for α, β ∈ Nn0
there exists Cα,β > 0 such that
|∆αξ ∂
β
xa(x, ξ)| ≤ Caαβm〈ξ〉
m−ρ|α|+δ|β|,
for every x ∈ Tn and for all ξ ∈ Zn.
The basic example of FSOs are pseudo-differential operators. We recall the
following definition (see [41]).
Definition 2.11 (Toroidal pseudo-differential operators). If a ∈ Smρ,δ(T
n×Zn), we
denote by a(X,D) the corresponding toroidal pseudo-differential operator defined
by
a(X,D)f(x) =
∑
ξ∈Zn
ei2πxξa(x, ξ)fˆ(ξ). (2.1)
The series (2.1) converges, e.g., if f ∈ C∞(Tn). The set of operators of the
form (2.1) with a ∈ Smρ,δ(T
n × Zn) is denoted by Op(Smρ,δ(T
n × Zn)). If an
operator A satisfies A ∈ Op(Smρ,δ(T
n × Zn)) we denote its toroidal symbol by
σA = σA(x, ξ), x ∈ T
n, ξ ∈ Zn.
Proposition 2.12 (Difference formula for symbols). Let σA ∈ C
k(Tn×Zn). For
every α ∈ Nn0 and β ∈ N
n
0 , |β| ≤ k we have the identity
∆αξ ∂
β
xσA(x, ξ) =
∑
γ≤α
(−1)α−γ
(
α
γ
)
∂βxσA(x, ξ + γ),
for every (x, ξ) ∈ Tn × Zn.
Definition 2.13 (Toroidal amplitudes). The class Amρ,δ(T
n×Tn×Zn) of toroidal
amplitudes consists of the functions a(x, y, ξ) which are smooth in x and y for all
ξ ∈ Zn and which satisfy:
|∆αξ ∂
β
x∂
γ
y a(x, y, ξ)| ≤ Caαβγm〈ξ〉
m−ρ|α|+δ|β+γ|.
We may define:
a(X, Y,D)f(x) =
∑
ξ∈Zn
∫
Tn
ei2π(x−y)ξa(x, y, ξ)f(y)dy. for f ∈ C∞(Tn),
We present, in a more general form, the definition of FSOs.
Definition 2.14 (Amplitude Fourier series operators). Amplitude Fourier series
operators (AFSOs) are operators of the form:
Tu(x) =
∑
ξ∈Zn
∫
Tn
e2πi(φ(x,ξ)−yξ)a(x, y, ξ)u(y)dy, (2.2)
where a ∈ C∞(Tn×Tn×Zn) is a toroidal amplitude and φ is a real-valued phase
function such that x → e2πiφ(x,ξ) is 1-periodic for all ξ ∈ Zn. In this paper we
also use the term amplitude periodic Fourier integral operators for AFSOs.
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In our further analysis we will use the close relation between toroidal symbols
(in the sense of Ruzhansky and Turunen) and periodic Ho¨rmander classes. We
introduce such classes as follow.
Definition 2.15 (Periodic symbol class Smρ,δ(T
n×Rn)). Symbols in Smρ,δ(T
n×Rn)
are symbols in Smρ,δ(R
n×Rn) (see [26, 41]) of order m which are 1-periodic in x. If
a(x, ξ) ∈ Smρ,δ(T
n ×Rn), the corresponding pseudo-differential operator is defined
by
a(x,Dx)u(x) =
∫
Tn
∫
Rn
ei2π〈x−y,ξ〉a(x, ξ)u(y)dξdy, u ∈ C∞(Tn). (2.3)
In our further analysis we will use Corollary 4.5.7 of [41] which we present as
Corollary 2.16 below.
Corollary 2.16. Let 0 ≤ δ ≤ 1, 0 ≤ ρ < 1. Let a : Tn × Rn → C satisfying
|∂αξ ∂
β
xa(x, ξ)| ≤ C
(1)
aαβm〈ξ〉
m−ρ|α|+δ|β|, (2.4)
for |α| ≤ N1 and |β| ≤ N2. Then the restriction a˜ = a|Tn×Zn satisfies the estimate
|∆αξ ∂
β
x a˜(x, ξ)| ≤ CaαβmC
(1)
aαβm〈ξ〉
m−ρ|α|+δ|β|, (2.5)
for |α| ≤ N1 and |β| ≤ N2. The converse holds true, i.e, if a symbol a˜(x, ξ) on
Tn × Zn satisfies (ρ, δ)-inequalities of the form
|∆αξ ∂
β
x a˜(x, ξ)| ≤ C
(2)
aαβm〈ξ〉
m−ρ|α|+δ|β|, (2.6)
then a˜(x, ξ) is the restriction of a symbol a(x, ξ) on Tn ×Rn satisfying estimates
of the type
|∂αξ ∂
β
xa(x, ξ)| ≤ CaαβmC
(2)
aαβm〈ξ〉
m−ρ|α|+δ|β|. (2.7)
Let us denote Ψmρ,δ,N1,N2(T
n×Zn) to the set of operators associated with symbols
satisfying (ρ, δ)-estimates for all |α| ≤ N1 and |β| ≤ N2, and Ψ
m
ρ,δ,N1,N2
(Tn × Rn)
defined similarly. Then we have the following equivalence (see Theorem 2.14 of
[16]):
Proposition 2.17. (Equality of operators classes). For 0 ≤ δ ≤ 1, 0 < ρ ≤ 1 we
have Ψmρ,δ,N1,N2(T
n × Zn) = Ψmρ,δ,N1,N2(T
n × Rn).
In the next section we generalize the following classical result (see Theorem 3.8
of Stein and Weiss [46]).
Proposition 2.18. Suppose 1 ≤ p ≤ ∞ and Tσ be a Fourier multiplier on R
n
with symbol σ(ξ). If σ(ξ) is continuous at each point of Zn then the periodic
operator defined by
σ(D)f(x) =
∑
ξ∈Zn
ei2πxξσ(ξ)û(ξ), (2.8)
is a bounded operator from Lp(Tn) into Lp(Tn).
It is important to mention that vector valued pseudo-differential on the torus
can be found in [4] and references therein. The reference [10] presents a complete
classification for periodic pseudo-differential operators on Lp-spaces.
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3. From the boundedness of FIOs to the boundedness of SFOs
In this section we address two problems. The first one, is the interaction
between the boundedness of FIOs and its periodic counterpart. More precisely
we will investiagte how the boundedness of FIOs implies the boundedness of
FSOs. The second problem that we analyse is how to extend the boundedness
of FSOs with symbols depending only on the frequency variable, i.e FSOs of the
type
Aφ,af(x) :=
∑
ξ∈Zn
e2πiφ(x,ξ)a(ξ)(FTnf)(ξ), (3.1)
to general FSOs where the symbols depend of both variables x and ξ. If we fix a
phase function φ defined on Tn × Zn, we denote by Sφ,p(T
n) the set of symbols
a : Zn → C with periodic Fourier integral operator Aφ,a admitting a bounded
extension Aφ,a : L
p(Tn)→ Lp(Tn). We define on Sφ,p(T
n) the natural norm
‖a‖Sφ,p(Tn) := ‖Aφ,a‖B(Lp(Tn)), 1 ≤ p ≤ ∞. (3.2)
To be precise, we will define the class of periodic Fourier integral operators that
we will investigate.
Definition 3.1. A continuous linear operator A : C∞(Tn)→ D ′(Tn) is a periodic
Fourier integral operator, if there exist a real-valued phase function φ : Tn×Zn →
R, homogeneous of order 1 in ξ 6= 0, and a symbol a ∈ Sm1,0(T
n × Zn) such that
Af(x) = Aφ,af(x) :=
∑
ξ∈Zn
e2πiφ(x,ξ)a(ξ)(FTnf)(ξ), f ∈ C
∞(Tn). (3.3)
Our main theorem in this section is the following generalisation of one classical
result for Fourier multipliers (see Theorem 2.18 or Theorem 3.8 of Stein and Weiss
[46, Chapter VII]). The corresponding statement for FSOs is the following.
Theorem 3.2. Let 1 < p <∞. Let us assume that φ is a real valued continuous
function defined on Tn×Rn. If a : Tn×Rn → C is a continuous bounded function
and the Fourier integral operator
Tφ,af(x) :=
∫
Rn
e2πiφ(x,ξ)a(x, ξ)(FRnf)(ξ)dξ (3.4)
extends to a bounded operator Tφ,a : L
p(Rn)→ Lp(Rn), then the periodic Fourier
integral operator
Aφ,af(x) :=
∑
ξ∈Zn
e2πiφ(x,ξ)a(x, ξ)(FTnf)(ξ) (3.5)
also extends to a bounded operator Aφ,a : L
p(Tn) → Lp(Tn). Moreover, for some
Cp > 0, the estimate ‖Aφ,a‖B(Lp(Tn)) ≤ Cp‖Tφ,a‖B(Lp(Rn)) holds true.
We begin with the proof of this result by considering the following technical
lemmas. The next result is presented as Lemma 3.9 in [46].
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Lemma 3.3. Suppose f is a continuous periodic function on Rn. If {ǫm} is a
sequence of positive real numbers, then
lim
m→∞
ǫ
n
2
m
∫
Rn
e−ǫm|x|
2
f(x)dx =
∫
Tn
f(x)dx (3.6)
provided that ǫm → 0.
For our further analysis will be useful the following extension of Lemma 3.3.
Lemma 3.4. Suppose f is a continuous periodic function on Rn and let {gm}
be a sequence of uniformly bounded continuous periodic functions on Rn. If gm
converges pointwise to a function g defined on Rn and {ǫm} is a sequence of
positive real numbers, then
lim
m→∞
ǫ
n
2
m
∫
Rn
e−ǫm|x|
2
f(x)gm(x)dx =
∫
Tn
f(x)g(x)dx (3.7)
provided that ǫm → 0.
Proof. By using Lemma 3.3, we obtain for every m ∈ N
I1,m := lim
s→∞
ǫ
n
2
s
∫
Rn
e−ǫs|x|
2
f(x)gm(x)dx =
∫
Tn
f(x)gm(x)dx.
Now, taking into account that the sequence {gm} is uniformly bounded, an ap-
plication of the dominated convergence theorem gives
I2,s := lim
m→∞
ǫ
n
2
s
∫
Rn
e−ǫs|x|
2
f(x)gm(x)dx = ǫ
n
2
s
∫
Tn
e−ǫs|x|
2
f(x)g(x)dx.
So, the limit limm,s→∞ ǫ
n
2
s
∫
Rn
e−ǫs|x|
2
f(x)gm(x)dx of the double sequence{
ǫ
n
2
s
∫
Rn
e−ǫs|x|
2
f(x)gm(x)dx
}
m,s
(3.8)
exists and can be computed from iterated limits in the following way:
lim
m,s→∞
ǫ
n
2
s
∫
Rn
e−ǫs|x|
2
f(x)gm(x)dx = lim
m→∞
lim
s→∞
ǫ
n
2
s
∫
Rn
e−ǫs|x|
2
f(x)gm(x)dx
= lim
m→∞
I1,m =
∫
Tn
f(x)g(x)dx,
where in the last line we have use the dominated convergence theorem. Because{
ǫ
n
2
m
∫
Rn
e−ǫm|x|
2
f(x)gm(x)dx
}
m∈N
is a sub-sequence of (3.8), we obtain
lim
m→∞
ǫ
n
2
m
∫
Rn
e−εm|x|
2
f(x)gm(x)dx =
∫
Tn
f(x)g(x)dx,
as claimed. 
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Proof of Theorem 3.2. First, let us assume that P and Q are trigonometric poly-
nomials. For every δ > 0 let us denote by wδ(x) = e
−δ|x|2. So, if ε, α, β > 0 and
α + β = 1 let us note that
lim
ε→0
ε
n
2
∫
Rn
[T (Pwεα)(x)]Q(x)wεβ(x)dx = (π/β)
n/2
∫
Tn
(AP )(x)Q(x)dx. (3.9)
By linearity we only need to prove (3.9) when P (x) = ei2πmx and Q(x) = ei2πkx
for k and m in Zn. The right hand side of (3.9) can be computed as follows,∫
Tn
(AP )(x)Q(x)dx =
∫
Tn
(∑
ξ
e2πiφ(x,ξ)a(x, ξ)P̂ (ξ)
)
Q(x)dx
=
∫
Tn
(∑
ξ
e2πiφ(x,ξ)a(x, ξ)δm,ξ
)
Q(x)dx
=
∫
Tn
e2πiφ(x,m)a(x,m)Q(x)dx =
∫
Tn
e2πiφ(x,m)−i2πkxa(x,m)dx.
Now, we compute the left hand side of (3.9). Taking under consideration that
the euclidean Fourier transform of Pwαε is given by
[FRn(Pwαε)](ξ) = (αε)
−n
2 e−|ξ−m|
2/αε, (3.10)
by the Fubini theorem we have∫
Rn
[T (Pwεα)(x)]Q(x)wεβ(x)dx
=
∫
Rn
∫
Rn
e2πiφ(x,ξ)a(x, ξ)(αε)−
n
2 e−|ξ−m|
2/αεQ(x)wεβ(x)dξdx
=
∫
Rn
(∫
Rn
e2πiφ(x,ξ)−i2πkxe−πεβ|x|
2
a(x, ξ)dx
)
(αε)−
n
2 e−|ξ−m|
2/αεdξ
=
∫
Rn
(∫
Rn
e2πiφ(x,(αε)
1
2 η+m)−i2πkxa(x, (αε)
1
2η +m)e−πεβ|x|
2
dx
)
e−|η|
2
dη.
So, we have
lim
ε→0
εn/2
∫
Rn
[T (Pwεα)](x)Q(x)wεβ(x)dx
= lim
ε→0
β−
n
2 (βε)n/2
∫
Rn
[T (Pwεα)](x)Q(x)wεβ(x)dx
= lim
ε→0
β−
n
2 (βε)n/2
∫
Rn
∫
Rn
e2πiφ(x,(αε)
1
2 η+m)−i2πkxa(x, (αε)
1
2η +m)e−πεβ|x|
2
dx · e−|η|
2
dη.
By Lemma 3.4, we have
lim
ε→0
(βε)n/2
∫
Rn
e2πiφ(x,(α/β)
1
2 (βε)
1
2 η+m)e−i2πkxa(x, (αε)
1
2 η +m)e−πεβ|x|
2
dx
=
∫
Tn
e2πiφ(x,m)−i2πkxa(x,m)dx.
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Taking into account that
∫
Rn
e−|η|
2
dη = πn/2, and that a is a continuous bounded
function, by the dominated convergence theorem we have
lim
ε→0
εn/2
∫
Rn
[T (Pwεα)](x)Q(x)wεβ(x)dx = (π/β)
n/2
∫
Tn
e2πiφ(x,m)−i2πkxa(x,m)dx.
If we assume that T is a bounded linear operator on Lp(Rn), then the restriction
of A to trigonometric polynomials is a bounded operators on Lp(Tn). In fact, if
α = 1
p
and β = 1
p′
we obtain
‖AP‖Lp(Tn) = sup
‖Q‖
Lp
′
(Tn)
=1
∣∣∣∣∫
Tn
(AP )(x)Q(x)dx
∣∣∣∣
= sup
‖Q‖
Lp
′
(Tn)
=1
lim
ε→0
εn/2(
1
πp′
)n/2
∣∣∣∣∫
Rn
[T (Pwεα)](x)Q(x)wεβ(x)dx
∣∣∣∣
≤ sup
‖Q‖
Lp
′
(Tn)
=1
lim
ε→0
εn/2(
1
πp′
)n/2‖T‖B(Lp)‖Pwε/p‖Lp(Rn)‖Qwε/p′‖Lp′(Tn)
≤ sup
‖Q‖
Lp
′
(Tn)
=1
‖T‖B(Lp) lim
ε→0
(
1
πp′
)n/2
(
εn/2
∫
Rn
|P (x)|pe−πε|x|
2
dx
) 1
p
×
(
εn/2
∫
Rn
|Q(x)|p
′
e−πε|x|
2
dx
) 1
p′
≤ sup
‖Q‖
Lp
′
(Tn)
=1
‖T‖B(Lp)(
1
πp′
)n/2
(∫
Tn
|P (x)|pdx
) 1
p
(∫
Tn
|Q(x)|p
′
dx
) 1
p′
= ‖T‖B(Lp)(
1
πp′
)n/2‖P‖Lp(Tn).
Since the restriction of A to trigonometric polynomials is a bounded operator on
Lp(Tn) this restriction admits a unique bounded extension on Lp(Tn). The proof
is complete. 
Remark 3.5. From the proof of , let us observe that the constant Cp in (1.8) can
be estimated by Cp ≤ ‖T‖B(Lp)(
1
πp′
)n/2.
Remark 3.6. As it can be observed from the proof of Theorem 3.2, the assump-
tions on the boundedness of the second argument in the phase function and the
symbol a can be imposed only on ξ ∈ Zn.
Theorem 3.7. Let us choose a phase function 1-periodic in x and let 1 < p <∞.
If a : Tn × Zn → C is a function satisfying
sup
z∈Tn
‖∂αz a(z, ·)‖Sφ,p(Tn) <∞, |α| ≤
[
n
p
]
+ 1, (3.11)
then the Fourier integral operator
Af(x) := Aφ,af(x) =
∑
ξ∈Zn
e2πiφ(x,ξ)a(x, ξ)(FTnf)(ξ), (3.12)
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extends to a bounded operator A : Lp(Tn)→ Lp(Tn).
Proof. For every z ∈ Tn, we define the operator family given by
Azf(x) :=
∑
ξ∈Zn
e2πiφ(x,ξ)a(z, ξ)(FTnf)(ξ). (3.13)
Taking into account the identity Axf(x) = Af(x), by the Sobolev embedding
Theorem we have
sup
z∈Tn
|Azf(x)| .
∑
|β|≤[n
p
]+1
‖∂βzAzf(x)‖Lp(Tnz ) =
∑
|β|≤[n
p
]+1
(∫
Tn
|∂βzAzf(x)|
p dz
) 1
p
.
(3.14)
Consequently, we have
‖Af‖pLp(Tn) =
∫
Tn
|Axf(x)|
pdx ≤
∫
Tn
sup
z∈Tn
|Azf(x)|
pdx
.
∑
|β|≤[n
p
]+1
∫
Tn
∫
Tn
|∂βzAzf(x)|
p dzdx
=
∑
|β|≤[n
p
]+1
∫
Tn
∫
Tn
|∂βzAzf(x)|
p dxdz
=
∑
|β|≤[n
p
]+1
∫
Tn
‖∂βzAzf‖
p
Lp(Tn)dz
≤
∑
|β|≤[n
p
]+1
sup
z∈Tn
‖∂βzAz‖B(Lp(Tn))‖f‖
p
Lp(Tn)
=
∑
|β|≤[n
p
]+1
sup
z∈Tn
‖∂βz a(z, ·)‖
p
Sφ,p(Tn)
‖f‖pLp(Tn).
So we have ‖Af‖Lp(Tn) ≤ C‖f‖Lp(Tn) where
Cp =
∑
|β|≤[n
p
]+1
sup
z∈Tn
‖∂βz a(z, ·)‖
p
Sφ,p(Tn)
<∞.
The proof is complete. 
4. Boundedness of periodic Fourier integral operators
In this section we present sufficient conditions for the Lp-boundedness of FSOs.
Instead of the conditions presented in the previous section now we consider symbol
criteria for the boundedness of these operators. Our main theorem in this section
is the next Theorem 4.1.
Theorem 4.1. Let us assume that φ : Tn × Rn → R is a real-valued phase
function positively homogeneous of order 1 in ξ 6= 0. Let us assume that ∂γ
′
x ∂
γ
ξ φ ∈
S00,0(T
n × (Rn \ {0})) when |γ| = |γ′| = 1, that
|det(∂y∂ξφ(y, ξ))| ≥ C > 0, |∂
α
y φ(y, ξ)| ≤ Cα|ξ|, ξ 6= 0, (4.1)
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〈∇ξφ(y, ξ)〉 ≍ 1, 〈∇yφ(y, ξ)〉 ≍ 〈ξ〉, (4.2)
and the symbol inequalities
|∂βx∆
α
ξ a(x, ξ)| ≤ Cα,β〈ξ〉
µ−|α|, µ ≤ µp := −(n−1)
∣∣∣∣1p − 12
∣∣∣∣ , |β| ≤ [np
]
+1, (4.3)
hold true. Then, the periodic Fourier integral operator in (1.8) extends to a
bounded linear operator A := Aφ,a : L
p(Tn)→ Lp(Tn) for all 1 < p <∞.
Theorem 4.1 is a version on the torus Tn (with conditions of limited regularity
in the spatial variables) of one proved by M. Ruzhansky and S. Coriasco [14, 15]
for Fourier integral operators on Rn. The corresponding assertion is the following.
Theorem 4.2. Let us assume that φ : Rn × Rn → R is a real-valued phase
function positively homogeneous of order 1 in ξ 6= 0. Let us assume that
|det(∂y∂ξφ(y, ξ))| ≥ C > 0, |∂
α
y φ(y, ξ)| ≤ Cα〈y〉
1−|α||ξ|, ξ 6= 0, (4.4)
〈∇ξφ(y, ξ)〉 ≍ 〈y〉, 〈∇yφ(y, ξ)〉 ≍ 〈ξ〉, (4.5)
that ∂γ
′
x ∂
γ
ξ φ ∈ S
0
0,0(R
n × (Rn \ {0})) when |γ| = |γ′| = 1, and
|∂βx∂
α
ξ a(x, y, ξ)| ≤ Cα,β〈x〉
m1−|β|〈y〉m2−|γ|〈ξ〉µ−|α|, µ ≤ µp := −(n− 1)
∣∣∣∣1p − 12
∣∣∣∣ ,
(4.6)
holds true for all α, β, γ ∈ Nn0 provided that m1 +m2 = m ≤ mp = −n
∣∣∣ 1p − 12∣∣∣.
Then, the Fourier integral operator T := Tφ,a : L
p(Rn) → Lp(Rn) extends to a
bounded operator for all 1 < p <∞.
Remark 4.3. A look to the proof of Theorem 4.2 allows us to conclude that the
operator norm ‖T‖B(Lp) satisfies estimates of the type
‖T‖B(Lp) ≤ C sup
|α|,|β|≤ℓ
Cα,β (4.7)
where the constants Cα,β where defined in (4.6), and ℓ is a positive, large enough
integer.
Proof of Theorem 4.1. Now, we can use the machinery developed in the previ-
ous section. If a is a symbol satisfying |∆αξ a(ξ)| ≤ Cα,β〈ξ〉
µ−α, µ ≤ µp :=
−(n− 1)|1
p
− 1
2
|, by Corollary 2.16 there exists a˜ : Rn → C such that |∂αξ a(ξ)| ≤
Cα,β〈ξ〉
µ−α, µ ≤ µp := −(n − 1)
∣∣∣1p − 12∣∣∣ and a = a˜|Zn . Taking this into account
the Fourier integral operator T = Tφ,a associated with φ and the symbol a˜ is
bounded on Lp(Rn) (in fact T satisfies the hypothesis in Theorem 4.2). So, by
Theorem 3.5 A extends to a bounded operator on Lp(Tn) and from (4.7) we have
‖A‖B(Lp) ≤ Cp‖T‖B(Lp) ≤ CpC sup
|α|≤ℓ
Cα (4.8)
where the constants Cα are defined by the condition
|∂αξ a˜(ξ)| ≤ Cα〈ξ〉
µ−|α|, µ ≤ µp := −(n− 1)
∣∣∣∣1p − 12
∣∣∣∣ . (4.9)
BOUNDEDNESS OF FSOS 15
So, we finish the proof for this case. Now, if the symbol a(x, ξ) depends on x, let
us define for every z ∈ Tn, the operator given by
Azf(x) :=
∑
ξ∈Zn
e2πiφ(x,ξ)a(z, ξ)(FTnf)(ξ). (4.10)
Since
|∂αξ (∂
β
z a)(z, ξ)| ≤ Cα〈ξ〉
µ−|α|, µ ≤ µp := −(n−1)
∣∣∣∣1p − 12
∣∣∣∣ , |β| ≤ [np
]
+1, (4.11)
we have
sup
z∈Tn
‖∂βz a‖Sφ,p . sup
|α|,|β|≤max{ℓ,[n/p]+1}
Cα,β <∞. (4.12)
To conclude, we now only have to apply Theorem 3.7. 
5. Dispersive estimates for periodic Fourier integral operators
In this section we prove some dispersive L2-estimates for a parametrized family
of periodic Fourier integral operators of the form,
Atf(x) :=
∑
ξ∈Zn
e2πixξ+2πitφ(t,x,ξ)a(t, x, ξ)(FTnf)(ξ), 0 < t0 ≤ t <∞. (5.1)
Our starting point is the following result due to M. Ruzhansky and J. Wirth [43].
Theorem 5.1 (Ruzhansky-Wirth). Let us consider the parametrized family of
FIOs
Ttf(x) :=
∫
Rn
ei2πxξ+2πitφ(t,x,ξ)a(t, x, ξ)(FRnf)(ξ)dξ, 0 < t0 ≤ t <∞. (5.2)
Let us assume that φ(t, x, ξ) is real-valued, 1-homogeneous in ξ and satisfies
| det(I + t∂x∂ξφ(t, x, ξ))| ≥ C0 > 0, |∂
β
x∂
α
ξ φ(t, x, ξ)| ≤ Cα,βt
−|β|, t ≥ t0 > 0,
(5.3)
for all x ∈ Rn, ξ 6= 0, and for 1 ≤ |α|, |β| ≤ 2n + 2. Let us assume that a(t, x, ξ)
is supported in t|ξ| ≥ C for some constant C > 0 and that
|∂βx∂
α
ξ a(t, x, ξ)| ≤ Cα,βt
−|β|, t ≥ t0 > 0, |α|, |β| ≤ 2n + 2. (5.4)
Then, the family Ttf(x), 0 < t0 ≤ t < ∞, is uniformly bounded on L
2(Rn).
Moreover
‖Ttf‖L2(Rn) ≤
(
C sup
|α|,|β|≤2n+2
Cα,β
)
· ‖f‖L2(Rn). (5.5)
To conclude, we prove the following result for parametrized families of periodic
Fourier integral operators.
Theorem 5.2. Let us consider the parametrized family of periodic Fourier inte-
gral operators
Atf(x) :=
∑
ξ∈Zn
ei2πxξ+2πitφ(t,x,ξ)a(t, x, ξ)(FTnf)(ξ), 0 < t0 ≤ t <∞. (5.6)
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Let us assume that φ : [t0,∞) × T
n × Rn → R is a real-valued phase function,
homogeneous of order 1 in ξ 6= 0, and satisfies
| det(I + t∂x∂ξφ(t, x, ξ))| ≥ C0 > 0, |∂
β
x∂
α
ξ φ(t, x, ξ)| ≤ Cα,βt
−|β|, t ≥ t0 > 0,
(5.7)
for all x ∈ Tn, ξ 6= 0, and for 1 ≤ |β|, |α| ≤ 2n + 2. Let us assume that a :
[t0,∞)×T
n×Zn → C is supported in t|ξ| ≥ C for some constant C > 0 and that
|∂βx∆
α
ξ a(t, x, ξ)| ≤ Cα,βt
−|β|, t ≥ t0 > 0, |α|, |β| ≤ 2n+ 2. (5.8)
Then, the family At, 0 < t0 ≤ t <∞, is uniformly bounded on L
2(Tn). Moreover
‖Atf‖L2(Tn) ≤ C sup
|α|,|β|≤2n+2
Cα,β · ‖f‖L2(Tn). (5.9)
Proof. If a(t, x, ξ) is a periodic symbol satisfying
|∂αx∆
β
ξ a(t, ξ)| ≤ Cα,βt
−|α|, t ≥ t0 > 0, |α|, |β| ≤ 2n+ 2, (5.10)
by Corollary 2.16 there exists a˜ : [t0,∞)× T
n × Rn → C such that
|∂αx∂
β
ξ a(t, x, ξ)| ≤ Cα,βt
−|α|, t ≥ t0 > 0, |α|, |β| ≤ 2n+ 2, (5.11)
and a(t, ·, ·) = a˜(t, ·, ·)|Tn×Zn . Taking this into account, the family of Fourier
integral operators Tt = Tφ,a(t,·) associated with the phase function φ and the
symbol a˜(t, x, ·), is uniformly bounded on L2(Rn) (in fact, the family Tt satisfies
the hypothesis in Theorem 5.1). So, by Theorem 3.5, the parametrized family At
extends to a uniformly bounded one on L2(Tn) and from (4.7) we have
‖At‖B(L2) ≤ C2‖Tt‖B(L2) ≤ C2C sup
|α|≤2n+2
Cα (5.12)
So, we finish the proof. 
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